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Abstract:  Complex analysis is simply the culmination of a thorough study of fundamental concepts of complex
differentiation and integration, and has a flavour not found in the real domain. It can effectively used for
constructing solutions to the Laplace equation on complicated planar domains which can be found in a broad range
of physical problems, such as fluid mechanics, thermodynamics, aerodynamics, electrostatics and elasticity.

However, in the present paper, the authors introduced and studied a new subclass M Z]m (]/, ,3) of Bazilevic

type in the open unit disk where coefficient inequalities, distortion theorems, modified Hadamard products among
others for functions belonging to the aforementioned subclass were obtained while several interesting corollaries
follow as simple consequences.

Keywords: Analytic function, Catas operator, coefficient inequalities, Hadamard product

Introduction
Suppose that Aj denote the class of functions of the form;

f(2)=z+ D az" (jeN={L2.3), 1)
k=j+1
analytic in the open unitdisk U ={z:ze C and |Z| <1}
Catas et al. (2008) introduced and studied the differential operator | ™ (4,1) f (z) for f (2) € A, () such that;

1°f(z2)=z" + iakzk = f(2)

Ilf(z)=(I°f(z)(%]+(l°f(z))’ﬁ—zl,

12£(2) =(I1f(z){%}+(ll(ﬂ,l)f(z))’ 1’%

1-A+1 Az
I"(A,Df () =U""A,Df T ™A, D f —
COLGE (Rt )(z){ o )+( (201@) 75
(A>0,1>20,meNuU{0},jeNandzeU). )
From (1), one can write that
f(2)* =z2- Y a ()™ 3)

k=j+1
a>0 (a is real and zeU). using (2)in (3), then

() (2)" =(1+ z(a-1)+|]”“za ~ i (1+ Ma + k_2)+|]mak(a)z‘“k‘l. @

1+1 KT 1+1

For detailed one can see Hamzat and Olayiwola, 2015; Oladipo and Breaz, 2013.
Now (4) can be written as;

1™ (4,1) f (2)* s (1+/1(a+k—2)+l

(1+ /1(a—1)+|jmza Pt}

B 1+ A(a—1) +1 J Az

1+1
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Or as;
a+nTrran fr$12)a 1 Z 1+ A(a+k—-2)+1 a, (a)2"" -
QA+ A(a-D)+D"z ol 1+ A(a -1 +1
(¢>0,4>0,1>0,meNuU{0}, je Nand z eU).
Remark
It is observed that if A =1 and | =0 in (5), then the expression readily becomes the famous class of Bazilevic function

studied by different authors (Opoola, 1994; Oladipo and Breaz, 2013).
With the aid of (5), we give the following definition which shall be necessary for the sake of the present investigation.

Definition: Let f (Z)“ be given by (3), then f(2)* € M 7" (y, f) ifand only if

@a+n"rma,nf()” 1
QA+ Aa=-D)+1)"z"
27‘

<p (6)

@a+nmrma,nf(z)” 1
@+ Ala=-D+DH"z”"
(¢>0,4>20,1>0,meNuU{0},0<y<10< <1 and zeU).
Theorem 2.1: Let the function f(Z)“ be defined by (3).Then, f(z)* € M 7" (y, f) ifand only if;
= 1+ M(a+k—-2)+1
PICER) iUl it

k=j+1 |: 1+i(0{—1)+| :| ak(a)gzﬁ(l—ﬂf)

0<y<La>0(a is real),0<p<L1>0meN, zeU).

U]
Proof: Assuming that the inequality (7) holds true. Then, for |Z| =1 <1, we show that;

asn™1"@anf@ | Jarnm1"@ni@)"

|+ A1) +1)" 2 J‘ |+ A1) +1)" 2 Hoa<d
_1+1 i(j(;gi)r'}mak ()2~ p ‘éfﬁ(f&:?rlrak (@7 +20-)|<0,
S SES T wer|apeen- S RIS e
O e
sk;mm{“ﬁ(j‘(gﬁﬁ - 'Tak(a)—zﬂa—y)so.

Therefore, f (2)“ e M 7" (7, B).
Conversely, let T (2)* € M{{" (7, ) . Then;

A+N"1" AN @) s {1+/1(a¢+k—2)+|]“ak(w)zk1

A+ A(a-D+1)z*” _ |l 1+ A(a =1+ <5
@+ 1"ADf @) ;- 2 [1+ Aa+k-2)+1]" wl
1+ A(a-1)+1)z" " 27/‘ 2(1_7)_k§11{ 1+ Al -1) +1 }ak(a)z

since Re(z) < |Z| for all Z , the following inequality;
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1+ A(a+k=2)+1 a, (a)2""
Sl 1+ e =D+
Res . r< f (zeU), @
|1+ A(a+k—2) +1 -
201-p)- 35| FEAGECDEL g (g
| Sl 1+ Aa-D)+I J
N . . @a+n"1"@nf” .
is obtained. By choosing the values of Z on the real axis so that is real and clearing the

@+ A(a-D)+N)z*

denominator in (8) as Z —>» 1~ through real values, then;

= [1+ Aa+k=2)+I]" = M+ AMa+k=2)+1]"
k;[ L+ Aa 1) +] } ak(a)szﬁ(l_y)_k;ﬂ[ 1+ Aa—1)+1 } ()

which readily gives the inequality (7) and thus the proof of theorem 2.1.
Corollary 2.2. Let the function f(Z)“ defined by (3) be in the class M ;" (7, £3) . Then

a (o) < 2L Ma=D+D" s g jeny.
@+ )AL+ Ala+k-=2)+D"
This result is sharp for function f(2)“ given by;
f(z)a =79 _ 218(1_}/)(1+ﬂ(a_1)+|) Za+k-l (k > j+11 J c N)
A+ B8)A+Ala+k=2)+1)"
Corollary 2.3. Let the function f(2)® defined by (3). Then f(2)” € Mllén (7, B) ifand only if,

S 1+ B)k"a, (1) <250~ 7) ©

k=j+1

O0<y<l a>0,meN,, A120,1>0,0< <1 zel).
Theorem2.4. Fora >0, 0< <1, 0<y<1,120,41>20, meN,and zeU,
M{™(y, B) < MM (S, B) where 5 =y .

Proof: Let the function f () defined by (3) be in the class M ™" (, 3) , then by theorem 2.1,
- m+1
= 1+ a+k=2)+1]"
1+ a(a)<2p(1-y). 10
5 arp A D ) <ap0- @
Then, one shows that;
& 1+ Aa+k-2)+1]"
1+ a (a)<2B(1-9). 11
P } (@) <250-5) a

With reference to (10), (11) it will be possible if;
1+ Aa+k-2)+1]" 1+ Aa+k—2) +1
1+ a 1+
( ﬂ)[ 1+ A(a—-1)+1 } k(a)<( ﬂ){ 1+ a1+
2B(1-95) - 2B(L-y)

Thatis 1— » <1— ¢ which yield desired result and hence the proof.

m+1
["ato
,k>j+1 jeN.

Distortion Theorems
Theorem 2.5 Let the function f (Z)” defined by (3) be in the class M 7" (, £) . Then |Z| =r<l1,

an'r@ant@”| 26(1-7)

A+ Aa -1 +1) 27| (1+ﬂ){11,1(a+j—1)+|} )
+ Aa—1)+

ri, (12)
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2809
1+ Ao+ | —1)+|T"
1+ A(a -1+
For Z€ U and0 <1 <M. The above inequalities are attained for the function f (z)* given by;
F(2) = 2 - 12f(1'7)_ — i
+ Ao+ j-D)+
(1+ﬁ){ 1+(/1(a -11)+)| }
Proof: Note that T (z)“ € M {{" (7, f3) ifand only if;
A+, D) (2)
L+ A(a-D)+1]"z*

(@)1 (A, f(2)"
A+ A(a-1)+1) 2

I <1+ (13)
(

1+ ﬂ){

(z=4r). (14)

eM; " (v, 8)

and that;

A+ Aa-D+D)'z* S

From theorem 2.1, we have that;

A+D'1A ) f(2)” R {1+/1(a+k—2)l_iak(a)zk_1. -

- 1+ Aa—1)+1 |

I+ e+ j-D+1" &1+ M@ +k-2)+1] = 1+ Aa+k-2)+1]"
(1+ﬂ){ 1 A(a -1 +1 } k_,-i 1+ A(a—1) +1 }ak(a)gk;_ 1+ A(a—1) +1 }ak(a)gzﬁ(l 7)
It implies that;
Z[1+/I(a+k 2)+|}ak(a)S 28(1-7) )
el 1+ Aa=1)+] 1+ A+ j-1)+I
A+ ) 1
+ Aa=1)+1

The inequalities (12) and (13) of theorem 2.5 would now follow immediately from (15) and (16) and this ends the proof of
theorem 2.5.

Corollary 2.6: Let the function f(Z)” defined by (3) be inthe class M 5" (7, ) . Then for |z =r <1

‘f(z)a‘ >r%— Zﬁ(l_j/) - r-06+j a7)
1+ Ma+ j-1) +1
(1+ﬂ){ 1+ A(a -1+ }
and
‘f(z)"‘ <re+ 2pd-7) — (18)
1+ Ala+ j-1)+I
(1+ﬁ){ 1+ A(a—1)+1 }

The inequalities in (17) and (18) are attained for function f (Z)a given by (14).
Proof: Letting I = 0 in the theorem 2.5, our results in (17) and (18) follow immediately.
Corollary 2.7: Let the function f (Z)“ defined by (3) be in the class M " (7, ) . Then for |Z| =r<l

e 2PA-N@HD) s

(@) TR (19)
+Ala+]-1)+
(1+ﬁ){ 1+ A(a 1)+ }
and
‘(f(z)a)r Sara—l_ 2(0[+ J)ﬂ(l_y) roz+j—1 (20)

1+ A+ j-)+I1]"
1+ Aa-1)+I

The inequalities in (19) and (20) are attained for function T (Z)“ given by (14).

1+ ﬁ)[
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Corollary 2.8: Let the function f (Z)“ defined by (3) be in the class M "y" (7, ) . Then for |Z| =r<l

[11(L0) f (2)*| 2p(1-7)

iya ‘21_ L m-i r’ (21)
(04
a+ﬂ{“+1}
(94
and
U(LQZQ)§31+ 280-7) -
al i
a+ﬁ{“+’}
(04
Corollary 2.9: Let the function f (Z)“ defined by (3) be in the class M 3" (7, B) . Then for|Z| =r<l1
() ]zre - 25(1_7_) ot (23)
L+ Ig)[“"']}
a
and
‘f(z)“ <re+ Zﬂ(l_y_) ot (24)
a+ﬂ{“+‘}
(04

Corollary 2.10: Let the function f (Z)* defined by (3) be in the class M " (7, ) . Then for|Z| =r<l

(F@ Y|z are + 2+ gf; 7/m) parit o
(o)
and “
(f@) Y| < aret + 2@ VA7) o (29)
a+ﬂ{“;‘]

Corollary 2.11: Let the function T (Z)” defined by (3) be in the class M 1181 (7, ) . then for |Z| =r<l

|‘(1,0)f(z)21_ 2A=y) i 27)
z @+ +D™
and
|‘(1,0)f(z)sl+ 2p=y) i (28)
z @+ AG+D™

Corollary 2.12: Let the function T (Z)” defined by (3) be in the class M 11{)“ (7, ) . then for |Z| =r<l

|.|:(Z)|2ra_ Zﬁ(l—]/) rj+1
@+ A +D"

(29)

and
|f(Z)|Sr“+ Zﬂ(l—]/) mr.j+1
1+ 5)(i+1)
Corollary 2.13: Let the function f(Z)” defined by (3) be in the class M 11(r,n (7, B) . then for |Z| =r<l1
() 21— 24D
@+ 8)(i+1)

(30)

31)

and
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, 28(1-y) j
[f'(z)| <1+ @ A 4D rl. 32)
Or
- AN i) <1 2P0 g
L+ B+ A+ A+

Modified Hadamard Products
Suppose that T, (2)“ (t =1,2) be defined by;

f(2)* =2"= D a8, ()" (a, 20;t=12) .

k=j+1

Then the modified Hadamard product of the function f, (z)” (t =1,2) is defined by

(f,* £)@)" =2 - Y a, (), , ()2"

k=j+1

(33)

(34)

Theorem 2.14: Let the function f,(z)“(t=1,2) defined by (33) belong to the class M 7" (y,), then,

(f,* ,)(2)* e M;" (&, ), where

RY:
c=1- 250 7)_ —. (35)
1+ §) 1+ Ao+ j-1)+I
1+ M(a—=1) +1
The result is the best possible.
Proof: Following Schild and Silverman [7] technique, we shall find the largest & such that;
= 1+ Aa+k=2)+1]"
1+ a a <2p(1-¢). 36
k-zj+1( IB)_ 1+ A1)+ ] k,l(a) k,z(a) pl-¢) (36)
Since
= 1+ Aa+k=2)+1]"
1+ a <2p6(1- 37
k;( P Txda—nal | Bal@=280-7) (37)
and
= 1+ Aa+k=2)+1]"
1+ a <26801-y). 38
él( Pl It da—a1 | e@=200=7) (39)
By the Cauchy — Schwarz inequality, then;
(1+ﬁ)[1+1/1(a+k—2)+l} (1+ﬂ)[1+/1(a+k—2)+l}
+ Aa-D+1 1+ e -1)+1
ay, (a) x a, ,(a)
K=j+1 2p8(1-y) ' 2p(1-7) '
- z}% B p 277
1+ Ala+k=2)+1 1+ M(a+k-2)+I
1 1
. Hﬂ){ 1+ A(a—1)+] ] Bualr) ) (+ﬂ){ 1+ A(a—1)+] } Bale)
- K=j+1 2p(1-7) K=j+1 2p(1-7)
i 1L 1
It implies that;
1+ AMa+k=2)+1]"
| e p PHAerk=2)
1+ A(a—1) +I
A 8k (2)a () <1. (39)
K=j+1 2p(1-y) ' ’

Thus it is sufficient to show that;
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1+ A(a+k-2)+1]" 1+ Aa+k-2)+1]"
L+ ﬁ)|: } &, (@)a () A+ ﬂ){ }
L+ l(az_ﬁ]-zltlg) < ]é;g-(f(}/_)l) v Ay, (a)ak,z (o).

That is

a+ﬂ{LhMa+k—a+|T1 a+ﬂ{LhMa+k—a+4T

1+ A(a -1+ . 1+ A(a -1+

VBualehs £ 26(1-7) ! 26(1- )
and

\/ak,l(a)ak,z(a) = i:}g/ : (40)

Since (39) implies that;

S (@, (@) < 2p=7) a

1+ Aa+k=2)+1"
1+ py THAETKZ2)
1+ A(a—-1) +I
We need to show that;
2P(1-7y) < 1-¢ |
1+ M(a+k-2)+1]" 1-7
1+ py HEAOHK2)
1+ A(a—1) +1
That is;
Y
s 2pd~7) —y
1+ A(a+k-2)+1
1+ p| EAETK2)
1+ A -1) +1
Or equivalently,
)2
£<1- 2pa-r) = (@2)
1+ B)? 1+ A(a+ -1+
1+ A -1) +1
Since the right hand of (42) isw an increasing function of k, then by letting k=j+1, we obtain
Y
o] 281 7). )
L+ B 1+ A+ j-1)+I1
1+ A(a-1)+1
which proves the result in theorem 2.14.The sharpness of the result of theorem 2.14 follows if we take
21— -
f(2)"=2" - pa=7) —7' (t=12). 43)
1+ Ao+ j=1)+I
A+ 5) (a+j-1)
1+ A(a=1)+1

Corollary 2.15: For each function f,(z)* and f,(z)” belongs to the same class M 7" (7, 3), then (
(f,* ,)(2)* e M7"(£,0)), where;

o1 4p*(1-y)* ”
J1+ @+ j-D+11"
(l+ﬂ){ 1+ Aa-1)+1 }

- ions T(2)7 (t=12) gesi
The result is sharp for the functions 't 1<) defined by (43).
Proof: Following the same procedure as in the proof of theorem 2.14, we need to find the largest

{ such that:
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l+lm+k—m+lm
a a
i{ 1+ A(a—1) +1 } ()3 (@)
K=j+1 1-7
Now from (39) and (45), it suffices to prove that;
1+ Aa+k=2)+17" 1 A(a+k=2)+17"
()2 L+ (@, (@)
|: 1+ Ao -1+ j| ka(@) k,Z(a)<( /B)|: 14 A(c 1)+ w(@)a,(a)

-1 - 2p(1-y)
(k> j+LjeN).

a-0e+45)
Ja(@)a,(a) S —F—— 250-7) (46)

Using (41) and (46), we need to show that;

Then

25~ 7) L 1=0@+p)
1+ Aa+k=2)+11"  2BA-r)
(1+ﬂ)[ 14 A(a—1)+1 }
Or equivalently,
(<1- 4ﬂ2(1_}/)2 .
. 1+ A0+
4+4) L+/1(a—1)+l}

Theorem 2.14: Let the function f,(z)“(t =1,2) defined by (33) be in the same class M 7" (7, £) , then the functions

h(z)“ defined by;

h(z)" =2° = D (al, +a? )2 -

k=j+1

belongs to the class M 51" (7, ), where;

2
p=1- 4p(1-7) ] )
1+ M(a+ j-1)+1
1+ §) (a+]-1)
1+ A(a—1) +1
The result is sharp for the function f,(z)“ (t =1,2) defined by (43).
Proof: With the aid of Theorem 2.1, we have that;
m m 2
1+ B) 1+1/1(a+k—2)+l L+ B) 1+ Aa+k-2)+1
i + A -1 +I ) > 1+ Aa-1)+1 49
a'kl < k,1 Sl ( )
k=j+1 2B1-7) ' k=j+1 2B1-y) '
and
m 2 m 2
1+ A(a+k—-2)+1 1+ A(a+k-2)+1
s A ) ) A )
1+ M(a-1) +1 5 < 1+ Ala-1) +1 <1 (50)
2B(L-7) Al B e 2B(1-7) el

It follows from (49) and (50) that;
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2

1+ Ala+k-2)+1]"
21 (1+ﬂ){ 1+ A -1) +1 } 5 ,
= (ag,+a;,) <1
K1 2 2p(Q1-y) ’

So, we need to find the largest ¢ such that;

1+ Aa+k=2)+1]"
- (1+ﬂ){ 1+ A(a—1) +1 } o
(@, +a,,)<1.
k=j+1 Zﬂ(1_¢) ’ ’
That is;
1+ A(a+k-2)+1]" 1+ A(a+k-2)+1]"
- (1+ﬂ){ 1+ Aa—1)+1 } 1 (1+ﬂ)[ 1+ Aa—1)+1 } (kzj+1,j
Koy 2p(1-¢) 2 2p(1-7) jeN )
Or equivalently,
¢S1— 4ﬂ(1_7)2 —
1+ Aa+k—2)+1
(1+'B){ 1+ A(a-1) +1 }

This ends the proof of Theorem 2.16. For related work on
coefficient inequalities, distortion properties and Hadamard
product one can Castas et al. (2008); Opoola (1994), among
others.
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